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Abstract We study various temporal correlation functions of a tagged particle in one-dimensional systems of interact-
ing point particles evolving with Hamiltonian dynamics. Initial conditions of the particles are chosen from the canonical
thermal distribution. The correlation functions are studied in finite systems, and their forms examined at short and
long times. Various one-dimensional systems are studied. Results of numerical simulations for the Fermi-Pasta-Ulam
chain are qualitatively similar to results for the harmonic chain, and agree unexpectedly well with a simple description
in terms of linearized equations for damped fluctuating sound waves. Simulation results for the alternate mass hard
particle gas reveal that — in contradiction to our earlier results [1] with smaller system sizes — the diffusion constant
slowly converges to a constant value, in a manner consistent with mode coupling theories. Our simulations also show
that the behaviour of the Lennard-Jones gas depends on its density. At low densities, it behaves like a hard-particle
gas, and at high densities like an anharmonic chain. In all the systems studied, the tagged particle was found to show
normal diffusion asymptotically, with convergence times depending on the system under study. Finite size effects show
up at time scales larger than sound traversal times, their nature being system-specific.
Keywords Hamiltonian dynamics · 1-d system · tagged particle diffusion · velocity auto-correlation function (VAF) ·
mean-squared displacement (MSD)
1 Introduction
Observing tagged particle dynamics constitutes a simple way of probing the complex dynamics of an interacting many
body system and has been studied both theoretically [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23]
and experimentally [24,25,26,27,28,29]. Much of the theoretical studies on tagged particle diffusion have focused on
one-dimensional systems and discussed two situations where the microscopic particle dynamics is (i) Hamiltonian [1,
2,3,4,5,6,7,8,9,10,11] or (ii) stochastic [12,13,14,15,16,17,18,19,20,21,22]. A hydrodynamic description of tagged
particle diffusion has been considered in [14,15]. Even for Hamiltonian systems much of the work has been done on
hard particle gases but very little has been done on soft chains [9,10,11].
Although there has been considerable work on transport properties of one-dimensional gases [30,31,32], this
involves the propagation of conserved quantities as a function of position and time without reference to the identity of
each particle. This changes things considerably: for instance, conserved quantities propagate ballistically for an equal
mass hard particle gas, resulting in a thermal conductivity proportional to N, while tagged particle dynamics in the
same system is diffusive. Thus, here we approach the dynamics from a perspective that is different from the heat
conduction literature.
In this paper we present results for tagged particle correlations for various one-dimensional systems. In particular,
we compute the mean-squared displacement (MSD) 〈[∆x(t)]2〉, the velocity auto-correlation function (VAF) 〈v(t)v(0)〉,
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Fig. 1 Harmonic chain: short time correlation functions of the central tagged particle in a system of size N = 65 (red) and 129
(blue). Fixed boundary conditions were used and the parameters were taken as L = N, k = 1, m = 1 and kBT = 1. The diffusion
constant can be seen to saturate to the expected value kBT/(2ρc) = 0.5. For the VAF, we have also plotted the analytic result
〈v(0)v(t)〉 = J0(2t)
and 〈∆x(t)v(0)〉 of the central particle, where ∆x(t) = xM (t) − xM (0) and v(t) = vM (t). The average 〈· · ·〉 is taken
over initial configurations chosen from the equilibrium distribution. (Details are given later in the sections dealing
with each system). Note that the three correlation functions are related to each other as
1
2
d
dt
〈[∆x(t)]2〉 = 〈∆x(t)v(t)〉 = 〈∆x(t)v(0)〉 = D(t),
d
dt
〈∆x(t)v(0)〉 = 〈v(t)v(0)〉. (1)
These results follow from ∆x(t) =
∫ t
0
v(t′)dt′ and 〈v(t)v(t′)〉 = 〈v(t− t′)v(0)〉; the last equation on the first line defines
D(t). We note that in a finite closed box of size L, 〈[∆x(t)]2〉 is bounded and so limt→∞D(t) would always either
vanish or oscillate. However one is usually interested in the nature of the MSD of the particle before it sees the effect
of the boundary, and it is then appropriate to study the limit D∞(t) = limL→∞D(t). When the tagged particle shows
normal diffusive behaviour, D∞(t→∞) is a constant, which is the diffusion constant. On the other hand, D∞(t→∞)
is zero for sub-diffusive, and divergent for super-diffusive behaviour.
Here we examine the form of the correlations at both “short times”, when boundary effects are not felt and hence
the correlation functions are system size independent, and at “long times”, after boundary effects show up. At short
times the form of the correlation functions is un-affected by the boundary conditions, e.g. periodic or fixed boundary
conditions. Hence, in simulations we sometimes use periodic boundary conditions for short time studies, since one can
then do an averaging over all particles, resulting in better statistics. The long time behaviour depends on boundary
conditions and here we focus entirely on fixed or hard wall boundary conditions. As we will see, system size effects
typically show up at times t ∼ L/c where L is the system size and c the sound speed in the system. The short time
regime typically has an initial ballistic regime, with 〈∆x2(t)〉 ∼ t2, and we will see that this is always followed by a
diffusive regime, with 〈∆x2(t)〉 ∼ t.
The rest of this paper is organized as follows. In Section 2, we present analytic results for the harmonic chain, as
an indicator of what one might expect for anharmonic chains where an exact solution is not possible. In Section 3, we
present simulation results for the Fermi-Pasta-Ulam (FPU) chain of anharmonic oscillators, with a simple model of
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Fig. 2 Harmonic chain: long time MSD of the central tagged particle in systems of different sizes, and with fixed boundary
conditions. The parameters here are same as in Fig. (1). Note the near recurrent behaviour of the MSD.
damped sound waves that compares well with the numerical results. In Section 4, we present the simulation results for
the Lennard-Jones (LJ) gas, and show that its correlation functions resemble those of a hard-particle gas (obtained
in Ref. [1]) at low densities, and an anharmonic chain at high densities. In Section 5, we present simulation results
for the alternate mass hard particle gas with large system sizes, and show that D(t) saturates to a constant in the
large-t limit, and that the approach to this asymptotic limit is in agreement with the predictions of mode-coupling
theory [35]; this is in contradiction to the logarithmic decay for D(t), that we had claimed in a previous paper [1],
based on simulations on smaller system sizes. Finally, in Section 6, we provide a discussion and summary of our results.
2 Harmonic chain
We consider a harmonic chain of N particles labeled l = 1, . . . , N . The particles of masses m are connected by springs
with stiffness constant k. Let {q1, . . . , qN} denote the displacements of the particles about their equilibrium positions.
The equilibrium positions are assumed to be separated by a lattice spacing a so that the mass density is ρ = m/a. We
assume that the particles l = 0 and l = N + 1 are fixed so that q0 = qN+1 = 0. The Hamiltonian of the system is
H =
N∑
l=1
m
2
q˙2l +
N+1∑
l=1
k
2
(ql − ql−1)2 . (2)
Transforming to normal mode coordinates ql(t) =
∑
p ap(t)φp(l) where
φp(l) =
[
2
m(N + 1)
]1/2
sin(lpa) with p =
npi
(N + 1)a
, n = 1, . . . , N (3)
brings the Hamiltonian to the form H =
∑
p a˙
2
p/2 + ω
2
pa
2
p/2 with
ω2p = 2
k
m
(1− cos pa) . (4)
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D=0.342
Fig. 3 FPU chain: short time correlation functions of the central tagged particle in systems of sizes N = 129 (red) and 513
(blue) with periodic boundary conditions. The parameters here were taken as L = N, k = 1, ν = 1, m = 1 and kBT = 1. We see
that there is a fast convergence of 〈∆q(t)v(0)〉 to the expected diffusion constant D = 0.342. Note that, because of the use of
periodic boundaries, the curves go up (positive correlation) when the wall effect sets in, rather than going down [anti-correlation,
see Fig. (1)].
The normal mode equations of motion a¨p = −ω2pap are easily solved and lead to the following expression:
ql(t) =
∑
p
φp(l)
[
ap(0) cosωpt+
sinωpt
ωp
a˙p(0)
]
. (5)
We consider a chain in thermal equilibrium at temperature T, i.e. 〈a˙2p(0)〉 = ω2p〈a2p(0)〉 = kBT and 〈a˙p(0)ap(0)〉 = 0.
For the middle particle, l = M = (N+1)/2 (assuming odd N) and, since p = npi/(N+1)a, therefore φp(l) ∝ sin(lpa) =
sin(npi/2) vanishes for even n. Defining ∆q(t) = qM (t)− qM (0),
〈[∆q(t)]2〉 = 8kBT
m(N + 1)
∑
n=1,3,...
sin2(ωpt/2)
ω2p
. (6)
The correlations 〈∆q(t)v(0)〉 and 〈v(t)v(0)〉 can be found by differentiating this expression, as in Eqs.(1).
In Fig. (1) and Fig. (2) we plot the simulation results for the various correlation functions for different system sizes
and find them to match the exact analytic results [Eq.(6) and its derivatives]. As seen in Fig. (1), an initial ∼ t2 growth
in 〈∆q2(t)〉 crosses over to a linear growth, indicating a diffusive regime that is also seen in 〈∆q(t)v(0)〉. After that,
boundary effects set in and 〈(∆q)2〉/N is an almost periodic function of t/N (Fig. (2)). This is somewhat surprising
since we are averaging over an initial equilibrium ensemble with all normal modes, and ωp ≈ cp (where c = a
√
k/m
is the wave speed) only for small p.
The behaviour of 〈[∆q(t)]2〉 for the harmonic chain can be understood in detail by analyzing the different time
regimes of Eq. (6) . There are three regimes of t to consider:
(i) When ωN t << 1, sin
2(ωnt/2) ≈ ω2nt2/4. (We use ωn to denote the normal mode frequencies in Eq.(4), but with
p = npi/[(N + 1)a].) The right hand side of Eq. (6) is then equal to kBTt
2/m . This approximation is valid as long as
ωN t = 2ct/a is small.
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Fig. 4 FPU chain: long time MSD of the central tagged particle in FPU chains of different sizes with fixed boundary conditions.
The parameters here are the same as in Fig. (3). The sound speed in this case, as calculated within the effective model (see
main text), is c ≈ 1.46.
(ii) In the second regime, ωN t >> 1 >> ω1t, and the sum can be replaced by an integral:
4kBT
m(N + 1)
∫ N
1
dn
sin2(ωnt/2)
ω2n
≈ 2kBTat
pimc
∫ ∞
0
dy
sin2(y)
y2
√
1− (ay/ct)2 (7)
where we have changed variables from n to y = ωnt/2 and used ωN t >> 1 >> ω1t to change the limits of the integral.
Expanding [1− (ay/ct)2]−1/2 in a binomial series and keeping only the first term of the expansion, we get the leading
order behaviour in t as 〈[∆q(t)]2〉 = (kBTt/ρc). The linear t-dependence implies diffusive behaviour with a diffusion
constant D = kBT/(2ρc).
The velocity auto-correlation function in this regime can be obtained by differentiating the first expression in
Eq.(7), as in Eqs.(1):
〈v(t)v(0)〉 = kBT
m(N + 1)
∫ N
1
dn cos(ωnt) . (8)
Substituting z = ωn/(2c/a) = sin(npi/2(N + 1)), this is equivalent to
〈v(t)v(0)〉 = 2kBT
pim
∫ 1
0
dz
cos(2ctz/a)√
1− z2 =
kBT
m
J0(2ct/a) ∼ cos(2ct/a− pi/4)
t1/2
for t→∞, (9)
using the asymptotic properties of Bessel functions [9]. This is shown in the lower panels of Fig. 1.
(iii) In the third regime, the results depend on boundary conditions and our analysis here is for fixed boundary
conditions. In this case ω1t is no longer small. As a first approximation, we set ωn to be equal to cnpi/[(N + 1)a] ≈
cnpi/Na. Then Eq. (6) becomes
〈[∆q(t)]2〉 = 8kBTNa
ρc2pi2
∑
n=1,3,5...
1
n2
sin2
(
cnpit
2Na
)
. (10)
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Fig. 5 Comparison of FPU chain with damped harmonic model: short time correlation functions of the central tagged particle in
a chain of size N = 65 (solid line) compared with the predictions of the damped harmonic model (dashed line). The parameters
of the chain here are same as in Fig. (3). In this case keff = c
2 ≈ 2.137 and the only fitting parameter of the model is the
damping constant which was fixed at γ = 0.1.
This is a periodic function in t with a period of 2Na/c. Since the sum is dominated by n << N, we see that our first
approximation is a reasonable one. More accurately, we expand ωn to one order higher:
ωn =
cnpi
Na
[1− n2pi2/(24N2) + · · · ] (11)
and evaluate the sum at t = 2jNa/c. We have
〈[∆q(t)]2〉 = 8kBTNa
ρc2pi2
∑
n=1,3,...
1
n2[1−O(n/N)2] sin
2(jn3pi3/(24N2)). (12)
Approximating the sum by an integral and changing variables to y = nj1/3/N2/3, we get
〈[∆q(t)]2〉 = 8kBT (Nj)
1/3a
ρc2pi2
∫ O(N1/3)
O(N−2/3)
sin2(y3pi3/24)
y2[1−O(y2/(jN)2/3)]dy. (13)
As N →∞, the integral converges to an N -independent value of 0.8046 . . . , so that the function is O(Nj)1/3. We note
that this is small compared to the O(N) value of the function at its maxima, but that it increases steadily with j, as
expected in a dispersive system. In a more careful analysis, the locations of the minima are taken to be 2jNa/c+ δj
and the δj ’s evaluated to leading order, but this does not change the fact that the minima are O(Nj)
1/3. A similar
analysis shows that the function at its maxima is equal to kBTNa/(ρc
2)−O(jN)1/3.
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Fig. 6 Comparison of FPU chain with damped harmonic model: long time VAF of the central tagged particle in a chain of size
N = 65 (solid line) compared with the predictions of the damped model (dashed line). The parameters of the chain here are
again same as in Fig. (3). The value of the spring constant again is keff = c
2 ≈ 2.137 and the damping constant was again set
at γ = 0.1.
3 Fermi-Pasta-Ulam chain
We now turn to a numerical study of tagged particle motion in a chain of nonlinear oscillators. The Hamiltonian of
the Fermi-Pasta-Ulam chain we study is taken to be:
H =
N∑
l=1
m
2
q˙2l +
N+1∑
l=1
[
k
2
(ql − ql−1)2 + ν
4
(ql − ql−1)4
]
, (14)
where the ql’s are the displacements from equilibrium positions. We fix the particles at the boundaries by setting
q0 = 0 and qN+1 = 0. The corresponding equations of motion are:
mq¨l = −k(2ql − ql+1 − ql−1)− ν(ql − ql−1)3 − ν(ql − ql+1)3 . (15)
In this case there is no analytic solution of the equations of motion and we evaluate 〈[∆q(t)]2〉 and other correlation
functions for the central tagged particle through direct MD simulations. We prepare the initial thermal equilibrium
state by connecting all the N particles to Langevin-type heat baths and evolving the system for some time. The heat
baths are then removed and, starting from the thermal initial condition, the system is evolved with the dynamics of
Eq. (15). The average 〈...〉 is obtained by creating a large number of independent thermal initial conditions.
The simulation results are plotted in Fig. (3) and Fig. (4). Comparing to the analogous figures for the harmonic
chain, we see that the plots have some similarity, as well as significant differences. At short times [Fig. (3)], there
is again a crossover from ballistic [〈∆q2(t)〉 ∼ t2] to diffusive [〈∆q2(t)〉 ∼ t] behaviour. Moreover, the velocity auto-
correlation function 〈v(0)v(t)〉 shows oscillatory behavior as in the harmonic case, however the damping is much faster
(exponential) for the FPU chain than for the harmonic chain (power-law decay). Also, at long times [Fig. (4)], we can
see 〈∆q2(t)〉 converging to the expected equilibrium values, for small system sizes, unlike the harmonic chain where the
oscillations persist for ever. For larger system sizes, the scaling collapse seen for the harmonic chain is not obtained.
As a simplified model of this system, we consider an effective harmonic description of the system. The nonlinear
terms in Eq.(15) normally couple the normal modes of the linear system, and we now assume that they can be replaced
by momentum conserving dissipation and noise terms — thus for any mode, all the other modes act as a heat bath. It
8is important to add momentum conserving noise and dissipation since these are generated internally from the systems
dynamics and have to preserve the conservation laws. Note that this is different from the effective harmonization
technique of Refn. [33], where the original dynamics is stochastic, and the noise and dissipation already exists. Our
effective harmonic model with noise and dissipation is described by the following equations of motion:
mq¨l = −keff(2ql − ql+1 − ql−1)− γ(2q˙l − q˙l+1 − q˙l−1) + (2ξl − ξl+1 − ξl−1) , (16)
where keff is an effective spring constant, γ a damping constant and ξl are noise terms whose properties will be specified
later. We consider fixed boundaries condition q0 = 0 and qN+1 = 0. As for the harmonic oscillator, we transform to
normal mode coordinates defined in Eq.(3) [φp(l) =
√
2/
√
m(N + 1) sin(lpa) with pa = npi/(N+1) , n = 1, . . . , N ],
with ξl(t) =
∑
p ξ˜p(t)φp(l). The normal mode coordinates ap(t) now satisfy the equation of motion
a¨p(t) + ω
2
pap(t) = −
γ
keff
ω2pa˙p(t) +
ω2p
keff
ξ˜p(t) ,
where ω2p =
2keff
m
(1− cos pa).
To ensure equilibration of the modes we choose Gaussian noise with zero mean and two point correlations given by
〈ξ˜p(t) ξ˜p′(t′)〉 = 2keffγkBT
mω2p
δ(t− t′) δp,p′ .
In steady state, ap(t) = ω
2
p
∫ t
−∞G(t− t′)ξ˜p(t′)dt′, where G(t− t′) is the Green’s function for the equation of motion.
After some straightforward computations we finally get
〈ql(t)ql(0)〉 = kBT
∑
p
φ2p(l)
ω2p
e−αpt
[
cos(βpt) +
αp
βp
sin(βpt)
]
, (17a)
〈ql(t)vl(0)〉 = kBT
∑
p
φ2p(l)
βp
e−αpt sin(βpt) , (17b)
〈vl(t)vl(0)〉 = kBT
∑
p
φ2p(l)e
−αpt
[
cos(βpt)− αp
βp
sin(βpt)
]
, (17c)
where αp =
γω2p
2keff
, βp = (−α2p + ω2p)1/2 .
Taking N to be odd, we get for the middle particle l = (N + 1)/2
〈q(t)q(0)〉 = 2kBT
m(N + 1)
∑
n=1,3,...
e−αpt
ω2p
[
cos(βpt) +
αp
βp
sin(βpt)
]
, (18a)
〈q(t)v(0)〉 = 2kBT
m(N + 1)
∑
n=1,3,...
e−αpt
βp
sin(βpt) , (18b)
〈v(t)v(0)〉 = 2kBT
m(N + 1)
∑
n=1,3,...
e−αpt
[
cos(βpt)− αp
βp
sin(βpt)
]
, (18c)
If we take the t→∞ limit first in the middle equation in Eq. 18 then we get D = 0. As discussed in the Sec. (1) we
need to take the N → ∞ limit before t → ∞ limit, thereby exploring the infinite system diffusive behaviour. In the
limit N →∞, the above equations give:
〈q(t)q(0)〉 = kBTa
mpi
∫ pi/a
0
dp
e−αpt
ω2p
[
cos(βpt) +
αp
βp
sin(βpt)
]
, (19a)
〈q(t)v(0)〉 = kBTa
mpi
∫ pi/a
0
dp
e−αpt
βp
sin(βpt) , (19b)
〈v(t)v(0)〉 = kBTa
mpi
∫ pi/a
0
dpe−αpt
[
cos(βpt)− αp
βp
sin(βpt)
]
. (19c)
9The diffusion constant is obtained as
lim
t→∞
〈q(t)v(0)〉 = kBTa
mpic
∫ ∞
0
dx
sin(x)
x
=
kBT
2ρc
(20)
where, as before, ρ is the mass per unit length and c is the speed of sound. The long time behaviour of the VAF in
Eq. (19) can be estimated and we find 〈v(t)v(0)〉 ∼ exp(−γt/m) sin(2ct/a).
Our effective damped harmonic theory in fact follows from the full hydrodynamic equations discussed in Ref. [34].
Here we briefly outline such a derivation. In the hydrodynamic theory, one starts with equations for the three coarse-
grained conserved fields, corresponding to the extension rl = ql+1 − ql, momentum pl and energy el. These are given
by
∂r(x, t)
∂t
=
∂p(x, t)
∂x
,
∂p(x, t)
∂t
= −∂P (r, eˆ)
∂x
,
∂e(x, t)
∂t
= −∂P (r, eˆ)p(x, t)
∂x
, (21)
where P (r, eˆ) is the local pressure and is a function of the local extension and energy eˆ = e − p2/2. In the above
equations we have made the identification l→ x and ∂/∂x can be thought of as a discrete derivative. Next, one looks
at fluctuations of the conserved fields about their equilibrium value and define the fields u1 = δr = r − 〈r〉, u2 = p
and u3 = δe = e− 〈e〉, where the angular brackets denote equilibrium averages. Then, expanding the pressure around
its equilibrium value, Peq, we get from Eq. (21) the following linear equations
∂δr(x, t)
∂t
=
∂p(x, t)
∂x
,
∂p(x, t)
∂t
= −∂Peq(r, eˆ)
∂r
∂δr(x, t)
∂x
− ∂Peq(r, eˆ)
∂e
∂δe(x, t)
∂x
,
∂δe(x, t)
∂t
= −Peq ∂p(x, t)
∂x
. (22)
Substituting for ∂p(x, t)/∂x from the first line into the third line of Eq. (22), and operating ∂/∂x on both sides, we
get ∂δe(x, t)/∂x = −Peq∂δr(x, t)/∂x. Substituting this in the second line above, we obtain
∂p(x, t)
∂t
=
[
−∂Peq(r, eˆ)
∂r
+ Peq(r, eˆ)
∂Peq(r, eˆ)
∂e
]
∂δr(x, t)
∂x
. (23)
The terms within brackets is precisly the expression for c2 given in [34], where an expression for it in the constant
temperature/pressure ensemble has been given. We now observe that, on adding the momentum conserving noise and
damping terms, Eq. (23) is equivalent to our Eq. (16), upon identifying c2 = keff/m.
Using the expression for sound speed in [34], for our symmetric FPU chain, gives c = a[kBT/(m〈r2〉)]1/2. For our
simulation parameters, we get c = 1.46 . . . and hence from Eq. (20), DFPU = 0.342 . . ., which is in excellent agreement
with the simulation results [Fig. (3)]. In Fig. (5) and Fig. (6) we compare the predictions of Eq. (18) with the simulation
results of the FPU chain of Fig. (3) of size N = 65. The effective spring constant keff is obtained from the c above and
γ is the only fitting parameter used. We see that this model seems to provide a good description of tagged particle
diffusion in this system. We have also performed some numerical simulations of the asymmetric FPU chain, where,
we find that the qualitative features of the various correlation functions remain the same. At a quantitative level we
find less agreement with the effective damped harmonic model, for example the diffusion constant differs from the
prediction in Eq. (20). This could be related to the stronger effect of nonlinearity in the case of the asymmetric chain.
4 Lennard-Jones gas
The mean-squared displacement 〈∆q2(t)〉 for the FPU (and harmonic) chain seems to have a similar dependence on
t as for a hard particle gas [1], with an initial ∼ t2 increase crossing over to a ∼ t dependence (before sound waves
are reflected from boundaries, or, in the N →∞ limit). However, derivatives of this correlation function, 〈∆q(t)v(0)〉
and 〈v(0)v(t)〉 show differences. For the FPU chain, 〈∆q(t)v(0)〉 approaches a constant rapidly. Although this is less
rapid for a harmonic chain, it is nevertheless clear that the large t limit is a constant. On the other hand, for the
alternate mass hard particle gas, 〈∆x(t)v(0)〉 decreases slowly as t increases, with a levelling off at very long times [1]
[see also Sec. (5)]. Turning to the velocity auto-correlation function, for the FPU chain this has a damped oscillatory
behaviour, while there are no — or overdamped — oscillations in the hard particle velocity auto-correlation function.
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Fig. 7 LJ chain (high density): short time correlation functions of the central tagged particle in systems of sizes N = 129
(red) and N = 513 (blue) with inter-particle separation 1.0 and kBT = 1. All the particles are of mass 1.0. Periodic boundary
conditions were used here.
The hard particle gas may be considered as an extreme case of a non-linear oscillator chain, but it is a singular
limit of this family. To see if the differences between the correlation functions for the two cases are significant, we
study the Lennard-Jones gas. The Hamiltonian of the Lennard-Jones gas is taken to be
H =
N∑
l=1
m
2
x˙2l +
N+1∑
l=1
[
1
(xl − xl−1)12 −
1
(xl − xl−1)6
]
(24)
where x’s are the positions of the particles. At low densities, one would expect the particles to behave approximately
like free particles, with a repulsive force between neighbouring particles when they come close to each other. Since the
repulsion occurs over a distance that is small compared to the mean inter-particle separation, the system is similar to a
hard particle gas. On the other hand, at high densities, the particles should remain close to their equilibrium positions
with small deviations, resulting in behaviour more like the FPU chain (with both cubic and quartic anharmonic terms).
As for the FPU chain we evaluate the correlation functions of the central particle from molecular dynamics sim-
ulations. The particles are inside a box of length L and we fix particles at the boundaries by setting x0 = 0 and
xN+1 = L. The mean inter-particle spacing is thus a = L/(N + 1). The simulation results are given in Fig. (7) and
Fig. (8) for short times and Fig. (9) and Fig. (10) for long times. In these simulations we have taken kBT = 1.
As expected, we observe in Fig. (7) and Fig. (9) that at high density the behaviour is similar to that of the FPU
chain. At low densities, Fig. (8) and Fig. (10), the behaviour resembles that of the hard particle gas. The figures
correspond to a = 1.0 and a = 3.0 respectively. The −1/t decay of the VAF in Fig. (8) is similar to that observed
in [1] for the alternate mass hard particle gas. However this behaviour cannot persist since it would give a negative
(and infinite) diffusion constant. We expect that, as for the alternate mass hard particle gas (discussed briefly in the
next section), at long times this will change to a decay of the form − 1/t7/5. Verifying this numerically appears quite
challenging.
The effective damped harmonic model used for the FPU chains works reasonably well for the correlation functions
of the high density Lennard-Jones gas (Fig. (11)) but the quantitative agreement, for example with the predicted
diffusion constant, is not very good. We believe that this is possibly because of the cubic non-linearity (in an FPU
description valid for small displacements) being significant. In the low density regime where the system behaves like
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Fig. 8 LJ chain (low density): short time correlation functions of the central tagged particle in systems of sizes N = 129
(red) and N = 513 (blue) with inter-particle separation 3.0 and kBT = 1. The equal mass case (with m = 1.0) is represented
by dotted lines, while solid lines represent the alternate mass case (with masses 1.5 and 0.5 alternately). Periodic boundary
conditions were used here.
Fig. 9 LJ chain (high density): long time MSD of the central tagged particle in systems of different sizes N with inter-particle
separation 1.0, kBT = 1 and fixed boundary conditions. All the particles are of mass 1.0. The sound speed in this case, as
calculated within the effective model, is c ≈ 13.02.
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Fig. 10 LJ chain (low density): long time MSD of the central tagged particle in systems of different sizes N with inter-particle
separation 3.0, kBT = 1 and fixed boundary conditions. The equal mass case (with m = 1.0) is represented by dotted lines,
while solid lines represent the alternate mass case (with masses 1.5 and 0.5 alternately). The sound speed for the equal mass
case, as calculated within the effective model, is c ≈ 0.8.
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Fig. 11 Comparison of LJ chain with effective damped harmonic model: short time correlation functions of the central tagged
particle in chain of size N = 65, with inter-particle separation 1.0, kBT = 1 and m = 1.0 (solid line), compared with the
predictions of the damped harmonic model (dashed line). In this case keff = c
2 ≈ 169.767 and the only fitting parameter of the
model is the dissipation constant γ which was fixed at γ = 0.3.
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Fig. 12 Alternate mass hard particle gas: plot of D(t) = 〈∆x(t)v(0)〉 for systems of different sizes. The solid line with a
logarithmic decay was used as a fitting function in Ref. [1], and is seen to deviate from the largest system size data. The other
solid line is the prediction of mode-coupling theory [35] and gives a slow power-law decay to the asymptotic diffusion constant
D = kBT/(2ρc) = 0.2886 . . .. In these simulations we used periodic boundary conditions since these give better statistics. Here
the masses are 1.5 and 0.5 alternately and we have taken kBT = 1 and ρ = 1.
a hard particle gas, the effective harmonic model does not work at all (figure not shown). This is because the model
still has inherent oscillations in the velocity auto-correlation function which are absent for a hard particle gas.
5 Hard particle gas
Finally, we present simulation results for the alternate mass hard particle gas that extend our results in Ref. [1]. In
that paper, results for various tagged particle correlation functions in the hard particle gas (equal and alternate mass
cases) were presented. Here, we limit ourselves to a more extensive study of D(t) for the alternate mass hard particle
gas. In Ref. [1] we studied the hard particle gas for system sizes up to 801; the slow decay of 〈∆x(t)v(0)〉 as a function
of time led us to conclude that the system is subdiffusive, with D(t) ∼ a/(b+ ln t). Here we present simulation results
for much larger system sizes in Fig. (12). We find a deviation at long times from our earlier conclusion, and see that the
numerical results are consistent with the prediction from mode coupling theory [35] of 〈∆x(t)v(0)〉 = 0.2887+0.39/t2/5.
This implies a −1/t7/5 decay form for the VAF. In particular, this indicates that the system is diffusive, contrary to
our earlier conclusion in [1].
6 Discussions
In this paper, we have studied the motion of the middle tagged particle in a one-dimensional chain of N particles,
evolving with Hamiltonian dynamics with nearest neighbour interaction potentials. We examined the form of various
correlation functions both in the regime of short times (corresponding to infinite system sizes) and long times (to see
finite size effects). We find that, both harmonic and anharmonic chains (FPU chain and high density LJ gas) have an
eventual diffusive regime, after which the effect of boundary sets (at times t ≈ L/c) in, and size dependent oscillations
appear. These oscillations may be attributed to sound waves travelling in the system. While they persist for a long
time for harmonic chains, they die off quickly for anharmonic chains. At lower densities the LJ gas behaves like the
hard particle gas. We confirm this by studying both equal and alternate mass LJ gas and see similar behaviour as in [1]
for the hard particle gas. Note that the transition of LJ gas from anharmonic chain like behaviour to hard-particle-like
behaviour is expected to be continuous and this would be interesting to study. For the FPU chain, we find that a
effective damped harmonic description of the sound modes reproduces the main observed features of the correlations
quite well. We also revisited the simulations for the alternate mass hard particle gas studied in [1] and presented results
for larger system sizes. We find that this exhibits an eventual diffusive behaviour.
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In summary, we have studied tagged particle diffusion in various one-dimensional Hamiltonian systems and have
come up with following results:
1. There is a “short time” regime during which the tagged particle at the centre does not feel the effect of the
boundary and during this time, the correlation functions have the same behaviour as for an infinite system. The
tagged particle motion is always diffusive. The diffusion constant is, in many cases but not all , given accurately
by the formula D = kBT/(2ρc). This formula is exact for a harmonic chain and appears to be accurate for the
symmetric FPU chain and also the alternate mass hard-particle gas. It is less accurate for the asymmetric FPU
chain and a Lennard-Jones gas. In the “short time” regime we also find:
(a) For the harmonic chain, the VAF ∼ cos(ωt)/t1/2.
(b) For the FPU chain, the VAF has a faster decay ∼ exp(−at) sin(ωt).
(c) The equal mass LJ gas, at high density, behaves like the FPU chain. At low density it behaves like the equal
mass hard-particle gas with a negative VAF ∼ −1/t3.
(d) The alternate mass LJ gas at low density is also similar to the alternate mass hard-particle gas with the VAF
apparently changing from −1/t3 to −1/t7/5.
(e) The alternate mass hard particle gas also shows normal diffusive behaviour, but to see this asymptotic behaviour
requires one to study very large system sizes. The VAF ∼ −1/t7/5.
2. At long times the effect of boundary sets in and size dependent oscillations, damped for anharmonic chains, appear.
The time at which the system size effects start showing up is ≈ L/c, where c is the velocity of sound in the medium.
An understanding of the rather striking observed differences in tagged particle correlations, between the FPU
system and the alternating mass hard particle gas, remains an interesting open problem.
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